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Fractons from frustration in hole-doped antiferromagnets
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Recent theoretical research on tensor gauge theories led to the discovery of an exotic type of quasiparticles, dubbed fractons, that
obey both charge and dipole conservation. Here we describe physical implementation of dipole conservation laws in realistic
systems. We show that fractons ﬁnd a natural realization in hole-doped antiferromagnets. There, individual holes are largely
immobile, while dipolar hole pairs move with ease. First, we demonstrate a broad parametric regime of fracton behavior in holedoped two-dimensional Ising antiferromagnets viable through ﬁve orders in perturbation theory. We then specialize to the case of
holes conﬁned to one dimension in an otherwise two-dimensional antiferromagnetic background, which can be realized via the
application of external ﬁelds in experiments, and prove ideal fracton behavior. We explicitly map the model onto a fracton
Hamiltonian featuring conservation of dipole moment. Manifestations of fractonicity in these systems include gravitational
clustering of holes. We also discuss diagnostics of fracton behavior, which we argue is borne out in existing experimental results.
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INTRODUCTION
The concept of exotic emergent quasiparticles has played a
prominent role in the theory of strongly correlated quantum
many-body systems for several decades, appearing in contexts
ranging from fractional quantum Hall systems1 to quantum spin
liquids2. Recently, an exotic type of emergent quasiparticle has
been proposed: Fracton particles that exhibit an unusual form of
mobility. An individual fracton is strictly locked in place, while
bound states of paired fractons are free to move around the
system3–7. Fractons have drawn immense excitement partly
because of their promise as a potential platform for faulttolerant quantum computation and robust quantum information
storage4,8,9. But even more, their fundamental features are
interesting in their own right, leading to deep connections with
a wide variety of concepts, such as tensor gauge theories7,10,11,
gravity12,13, and localization3,14–19. We refer the reader to a review
article20 and selected literature21–30 for further details.
The unusual fracton mobility constraints can be conveniently
encoded as charge and dipole conservation laws. While nature
readily supplements charge symmetry in a plethora of physical
systems, the realization of dipolar symmetry in realistic systems
represents a challenge. The ramiﬁcations on physical behavior of
this aberrant symmetry constraint partially accounts for the
widespread research activity on fractons. Yet only few proposals
for their realization in concrete physical systems exist. One
promising direction proposed fractons realized as disclination
defects of two-dimensional (2D) crystals, with striking manifestations, such as glide constraint on dislocations31–33. Unfortunately,
the study of individual fractons in these systems is unfeasible due
to the large energy cost required to separate disclinations. Another
signiﬁcant push towards making contact with experiment involves
engineering realistic fracton spin-liquid models34,35. However, as of
now, no speciﬁc material candidates for a fracton spin liquid exist. It
may also be possible to impose closely related conservation laws in
engineered cold-atom systems via application of a linear potential36,37. Emergence of fracton physics in these systems, however,
remain to be seen. It is therefore of paramount importance to
identify realistic platforms for fracton physics, where individual
1

fractons can be probed and analyzed, permitting a controllable
study of few- to many-body behavior of fractonic systems.
In this paper, we identify one such platform, and explain that
hole-doped antiferromagnets (AFMs) realize fracton physics at the
single-, few-, and many-particle levels. While the mobility restrictions of fractons may seem exotic at ﬁrst glance, strikingly similar
phenomenology is found in the simple, familiar physical setting of
holes doped into an Ising AFM in dimensions greater than one:
Motion of a single hole through the antiferromagnetic background
is inhibited by creation of magnon (spin-ﬂip) excitations38–42, see
Fig. 1a. Meanwhile, a bound pair of holes can easily move through
the system, in a manifestation of fracton physics, as shown in Fig.
1b. In a fully 2D AFM, this fracton behavior is only approximate due
to higher-order Trugman loops that induce mobility of a single
hole38. However, since holes move only at sixth order, while dipolar
bound states move at second order, the system features a wide
parametric regime of fracton behavior.
While the 2D AFM exhibits only approximate fracton behavior,
we next investigate a sharp realization of fracton behavior,
specializing to the case of holes conﬁned to one dimension of an
otherwise 2D antiferromagnetic background, a setup that can be
achieved in experiments43. In this system, we show that Trugman
loops are entirely eliminated and the system exhibits perfect
fracton behavior to all orders. By integrating out the magnons, we
explicitly derive an effective fracton Hamiltonian for the holes,
characterized by conservation of dipole moment.
The manifestation of fracton physics in these systems, whether
exact or approximate, has important consequences, some of
which have already been borne out in existing experimental
results. Most notably, fractons exhibit a universal short-ranged
“gravitational” attraction that can cause them to cluster
together12. This gravitational attraction coincides with the
magnon-mediated interaction between holes, which has been
identiﬁed as a potential pairing “glue” in superconductivity44,45. A
ﬁnite density of holes doped into an AFM experience phase
separation46–49, in agreement with clustering and emulsion
physics encountered in fracton theories24. To elucidate the fracton
nature of the underlying excitations in these systems, we identify
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Fig. 1 Fractons in hole-doped antiferromagnets. a Motion of a
single hole in a (mixed-dimensional) Néel antiferromagnet frustrates
the antiferromagnetic bonds. b Two holes in a dipolar bound state
move without breaking any antiferromagnetic bonds.
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a signature in the pair correlation function as a diagnostic of
fracton behavior. Our results and calculations can be appropriately
extended to more general classes of systems described by bosonaffected hopping.
RESULTS
Fractons in hole-doped AFMs
2D square antiferromagnets. We consider a small number of
holes doped into a P
2D square Ising AFM described by the
Hamiltonian HIsing ¼ J hi;ji Szi Szj , J > 0. The undoped parent ground
state of such a system is a classical Néel state: jΨGS i ¼
Πi2A cyi;" Πj2B cyj;# j0i with spins on sublattice A pointing up, and spins

on sublattice B pointing down. Here, a cyσ operator creates a
fermion with spin σ = {↑, ↓}. A doped hole moves through motion
of a spin particle to the empty site. To very good approximation,
holes move only via nearest-neighbor hopping.
The motion of the hole occurs as a result of the hopping of a
particle whose spin becomes either perfectly aligned or misaligned with respect to the antiferromagnetic environment. We
can regard a misaligned spin as a bosonic defect, i.e. a magnon,
with a creation operator:
 
σ i ; if i 2 A;
y
di ¼
(1)
σþ
i ; if i 2 B;
where σ± is the spin-12 raising/lowering Pauli matrix. It is important
to note that the hole motion conserves the total magnetization (as
well as the charge) of the doped system. One can therefore
associate the removal of a fermion of spin σ with the creation of a
hole with spin −σ, as either amounts to a total net change of the
magnetization of the entire system by −σ. We thus deﬁne the hole
operators as

"; if i 2 A;
hyi;σ ¼ ci;σ ; σ ¼
(2)
#; if i 2 B:
When the hole moves it either creates a magnon at the site of its
departure (displaced oppositely oriented spin) or absorbs a
magnon at the site of its arrival (heals a spin misalignment). This
gives a Hamiltonian50:
2
3
i
Xh y
y
hj;σ hi;σ ðd i þ d j Þ þ h:c: 5P þ HIsing :
(3)
H ¼ P 4t
hi;ji;σ

Here 〈.〉 refers to nearest neighbors, and the Hamiltonian
respects a no-double occupancy constraint implemented via a
projector P, so that each site has either a hole or a spin:
P y
y
y
σ hi;σ hi;σ þ d i d i þ d i d i ¼ 1.
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Consider ﬁrst a single hole doped into the 2D AFM. The σ label
for the hole ﬂavor is irrelevant and simply drops. The hole moves
through the hopping of a fermion to the hole’s original site. One
must ask how the coupling of the hole hopping to magnons
affects its motion. To address this question, we expand about
the limit of a static hole in orders of t/J. The leading-order
process is one in which the hole hops creating a misaligned spin
or a magnon at the site of its departure, and then hops back to
absorb the magnon, healing the background. Continuing with a
detailed analysis of this perturbative expansion reveals that the
hole creates a string of spin ﬂips as it moves, only to retrace
them back to its original site, i.e. the hole is localized to its
original site by the energetically costly strings. Deviations from
this picture occur at an order sixth in the expansion,
corresponding to the motion of the hole in closed loops, known
as Trugman loops38, in which case it heals the string terminating
two sites apart from its original site. This analysis asserts that a
single hole is localized through ﬁve orders in perturbation
theory.
Consider now two holes of different spin ﬂavor doped into the
2D AFM. Holes exchange magnons, and thus interact. As before,
we study the behavior via a perturbative expansion in t/J. To
leading order, one hole moves and creates a magnon at its
departure site, which is absorbed either by the second hole of
opposite ﬂavor, mediating the motion of the two-hole state or
by the ﬁrst hole, restoring the original conﬁguration. Since a
hole cannot be simultaneously at the same site as a magnon,
holes communicate only via strings. Thus, to arbitrary order, we
conclude that two holes are bound by a string and their motion
is described by an effective pair-hopping interaction that moves
the pair as a whole while preserving their relative distance.
We ascribe an effective charge degree of freedom to the
magnetic polaron’s spin: ρ = h†σzh, where σz is the Pauli matrix
in the spin ﬂavor subspace of the fermion with eigenvalues σ =
±1. A single “charge”, i.e. a polaron, cannot move in isolation,
through ﬁve orders in perturbation theory. Two opposite
charges, i.e. within a bipolaron, move together preserving their
relative separation, and whence the bound state dipole
P
moment: D ¼ i ðhyi σ zi hi Þx i . P
This theory manifestly gives rise to
a dipole conservation law, i ρi x i ¼ constant, i.e. a parametric
regime of fractonic behavior, only violated at the sixth order in
perturbation theory when a single hole becomes mobile.
Mixed-dimensional AFMs. One can achieve ideal fracton behavior
in an intermediate setup between one and two dimensions, in socalled “mixed-dimensional” AFMs. Applying a strong gradient
potential V(y) along the y-direction (taken to be one of the
principal axes of the square lattice) restricts the hole to a line
along the x-direction43. This eliminates the undesirable motion of
the hole along closed loops, while preserving spin frustration
induced by hole motion, the mechanism behind string-mediated
localization of the hole.
In this mixed dimensionality limit, a single hole always creates
magnons ﬁrst before absorbing them in the reverse order. This
simpliﬁes the equation of motion for the one-hole propagator
G1h(k, ω), see “Methods” and Supplementary Note 1. We ﬁnd for
the lowest pole G1h ðk; ωÞ  ½ω  E p ðkÞ1 , where Ep(k) is the
energy dispersion of a magnetic polaron formed as the background ﬂuctuations dress the hole. We ﬁnd Ep(k) to be
dispersionless, reﬂecting the localization of the hole at its original
position by string excitations. Insight into this process can be
gained as follows. To leading (second) order, the polaron energy is
Ep(k) = −4t2/3J, reﬂecting a process in which the hole hops from
site ix to ix ± 1 via one application of the hoping operator with
amplitude t, creating a magnon with energy 3J/2 at ix ± 1, which it
then absorbs and moves back to ix. The extra factor of 2 accounts
for the two possible directions of hops in the x-direction. The next
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correction goes as ~t4/J3. Importantly, there is no possible way for
the hole to end up at a site different from its original one,
reﬂecting the fact that the hole always retraces its path back to
the origin.
Consider now the two-hole propagator G2h(K, ω) in the σzTotal ¼
0 sector. Since one hole of spin σ always ﬁrst emits a string of
magnons before they are absorbed by the second hole of spin
−σ, this propagator is also computed exactly self-consistently, see
Supplementary Note 1. This interaction binds the two magnetic
polarons into a bipolaron via a string, with a dispersion: EBP(K) =
−∑δ=12(2tδ)cosðδKÞ, where 2tδ is the amplitude of hopping of the
composite bipolaron with momentum K = kσ + k−σδ sites and the
discrete sum over δ truncates at some order in the expansion. To
leading order, the bipolaron dispersion is −2(2t1)cosðKÞ and 2t1 =
4t2/3J. This dispersion reﬂects a magnon-mediated pair-hopping
interaction that moves a pair of holes as a whole:
hyðix ;iy Þ hyðix þ1;iy Þ j0i ! hyðix þ1;iy Þ hyðix þ2;iy Þ j0i/ hyðix 1;iy Þ hyðix ;iy Þ j0i; here j0i 
jΨGS i is the vacuum of holes. Note that the relative distance
between the holes in the bipolaron always remain conserved.
We can calculate the two-particle behavior to arbitrary order,
ﬁnding the effective Hamiltonian governing the one- and twohole physics, after integrating out the bosons, to be
H ¼ ϵ0

P
i;σ



P

i;δ;σ

hyi;σ hi;σ



t δ hyiþδ;σ hyiþδþ1;σ þ hyiδ;σ hyiδþ1;σ hiþ1;σ hi;σ þ   ;

(4)

where ϵ0 is the polaron formation energy (discussed above) that
gives rise to a simple shift in the particle’s energy, and the ⋅ ⋅ ⋅
refers to other two-body density–density interactions. Here i
refers to the site index along a line in x. Importantly, this
Hamiltonian does not generate any single-particle motion, but
induces two-particle dynamics that preserves the relative
distance between the two different polaron ﬂavors, i.e. the two
fractons form a composite particle (dipole) with a ﬁxed radius. As
such, the dipole moment is strictly conserved, [H, ρ] = [H, D] = 0,
representing perfect fractonicity.
Manifestations of fracton behavior
A hallmark of fracton behavior is the presence of a universal
attraction between fractons that can be regarded as an emergent
gravitational force12, which we show leaves its signatures in holedoped AFMs. This attraction arises as a consequence of the fact
that fractons are more mobile in the vicinity of other ones.
Consider a particle with an effective mass m(r), where r is the
distance away from a second particle in the system, taken to be
ﬁxed.qNeglecting
inter-particle interactions, the fracton’s velocity is
ﬃﬃﬃﬃﬃﬃﬃ

v¼

2E
mðrÞ:

The velocity of the particle increases at small inter-

particle separation and decreases otherwise. This attraction holds
for both perfect and approximate fracton behavior, so long as m(r)
increases as particles move apart.
This effective attraction also continues to hold even in the
presence of a sufﬁciently weak short-range repulsion V(r) = V0e−r/a
between the holes, where a is the lattice scale (V0 is of order t2/J,
corresponding to one of the “. . .” q
terms
ofﬃ Eq. (4)). Then, the
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

velocity of a particle becomes v ¼ 2ðEVðrÞÞ
mðrÞ . Let us consider a
generic case for the behavior of m(r) with distance: We take its
decay at short distances to be short-ranged, i.e. m(r) = m0(1 −
ηe−r/a) with η < 1 sets the energy scale of the dynamics of the
fracton. (Note that we let V(r) and m(r) range similarly, which is a
useful simplifying assumption, though not fundamental to the
analysis.) Microscopically, the gravitational mass corresponds to
the inverse of the hopping. Since the hole hopping (in 2D AFMs)
~t6/J5, while the partner-induced hopping ~t2/J, we can extract
m0 ~ J5/t6 and η/m0 ~ t2/J → η ~ (J/t)4. The velocity of a particle is
Published in partnership with Nanjing University
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then:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ rﬃﬃﬃﬃﬃﬃ



2ðE  V 0 er=a Þ
2E
1
V 0 r=a
v¼
η

:
e
1
þ

m0
2
E
m0 ð1  ηer=a Þ

(5)

The last step represents the leading behavior at large r, i.e., bigger
than a few lattice spacings. As long as V0 remains sufﬁciently weak,
such that V0 < ηE, the effective force between fractons will remain
attractive for the majority of states. Since η ~ (J/t)4 while V0 ~ t2/J,
this condition will hold for nearly all states. (This condition will fail
for certain conﬁgurations with sufﬁciently small E. However, such
states typically involve widely separated particles that do not
interact signiﬁcantly anyway.) We therefore see that particles
governed by approximate fracton behavior will still exhibit nearuniversal attraction, even in the presence of a small short-range
repulsion.
As a consequence, holes doped into 2D and mixeddimensional AFMs phase separate at ﬁnite hole concentrations46–49, reﬂective of the gravitational force between fractons.
To see this, we note that in the mixed-dimensional limit, the
model can be mapped onto a fermionic model by mapping a pair
onto a spinless fermion and a spin onto an empty site49. The
P
P
result is H ¼ t2 i ðf yi f iþ1 þ h:c:Þ  4J i ni niþ1 , and i runs over
sites of a lattice of reduced size that results from the mapping.
Here t2 is an effective nearest-neighbor pair (f particle) hopping
that accounts for most of the pair’s kinetic energy, neglecting
beyond-nearest-neighbor hopping. This Hamiltonian demonstrates competition between the hopping of bound pairs (t2
term) and their interaction (J/4 term), which is attractive due to
the antiferromagnetic correlations in the background that favor
spin clusters of larger size so as to increase the antiferromagnetic
energy. Thus, holes favor clustering together. Importantly, the
fractonic t2 pair hopping alone is sufﬁcient to induce an emulsion
of dipolar pairs and single fractons (unpaired holes) at ﬁnite
fracton “charge” densities (magnetizations), see Fig. 2a).
DISCUSSION
Symmetry-protected fracton (SPF) order
Topological fracton order found in special three-dimensional spin
models such as the Chamon model3, X-cube model5, and Haah’s
code4 persists against arbitrary local perturbations that are small
compared to the gap regardless of symmetry considerations. In
contrast, our fracton model displays physics robust to arbitrary
symmetry-preserving perturbations small in the scale of the gap, as
we detail below. This relationship parallels the one that exists
between topological order and symmetry-protected topological
phases; the former being robust against any perturbation while
the latter survives only symmetry-respecting perturbations. We
can therefore regard our model of fractons in the hole-doped Ising
AFM as an example of SPF order28–30. Speciﬁcally, any

Fig. 2 Manifestations of fracton conservation laws in antiferromagnets. a The gravitational behavior of fractons manifests as
phase separation of holes. b Conservation of dipole moment
D manifests as a delta function in the pair correlation function:
C(d) ~ δ(d − D). d is in the units of the lattice constant a.
npj Quantum Materials (2020) 81

J. Sous and M. Pretko

4
perturbation that preserves Sz conservation will still yield fractons
in the hole-doped AFM, while symmetry-breaking terms would
promote free hole motion, destroying fractonicity. Essentially, the
ordinary global U(1) symmetry of Sz conservation on the
microscopic spins imposes dipole conservation D on the emergent
fractons.
The idea of SPF order might serve as a guiding principle to
relate symmetries to fracton phenomenology. For example,
arbitrary U(1) symmetry-preserving terms added to the Hamiltonian would not violate dipole conservation, which in turn
dominates the characteristics of the system including its restricted
dynamics and the emulsion fracton physics at ﬁnite hole
concentrations. In essence, this might allow us to investigate
systems previously unexplored, and deduce their phenomenology
on the basis of symmetry. In the current work, the U(1) symmetry
implies single hole localization, dipolar pairs, and phase separation, all of which are understood as a result of emergence of
fractons protected by the underlying U(1) symmetry.
Experimental relevance
Antiferromagnetic materials51 including dysprosium phosphates52,53, dysprosium aluminum garnets54, rubidium cobalt
ﬂuorides55–58, the quasi-one-dimensional κ-type organic salts59,60,
and rare-earth pyrogermanates61 serve as realistic solid-state
setups to realize fractons upon doping. Rydberg-atom arrays62–64,
trapped ions65,66, polar molecules67,68, and ultracold atoms in
optical lattices69–71 present alternative avenues to simulate doped
Ising AFMs. In two (and three) dimensions, fracton behavior is
approximate. An external ﬁeld can be utilized to implement the
mixed-dimensional limit for which fracton behavior becomes exact.
Here, the potential gradient V >> t manifests as an energetically
high barrier for hole tunneling in the perpendicular direction, and
1
remains robust on timescales  ðt2 =VÞ . Nano/optical photodoping techniques applied to antiferromagnetic Mott insulators72
serve to engineer fractons and dipoles with long lifetimes73,74,
because the antiferromagnetic background functions perfectly to
absorb the excess kinetic energy of the photodoped carriers on
timescales of the order of few electronic hops75,76.
We now discuss the stability of fracton behavior to perturbations beyond the Ising limit, namely a Heisenberg exchange J⊥.
While the ﬁrst application of the frustration-inducing motion of
the hole creates a spin misalignment in the background (a domain
wall where two neighboring spins align in the same direction),
nearest-neighbor spin exchange can lift this misalignment only
after a subsequent hop of the hole. This is because after the
second hop the second displaced spin becomes nearest neighbor
to the oppositely oriented ﬁrst one, and only then the two can ﬂip
ﬂop, healing the background. Thus, to leading order in t/J the
emergent fractonicity remains stable against weak and possibly
1
moderate J⊥, and deviations shall occur on timescales  ðt4 =J 3 Þ .
Interferometric and spectroscopic studies of lightly doped Néel
AFMs serve as probes of fractons and dipoles. Absorption spectra
and pair correlation functions together represent measurements
that elucidate clear signatures of fractonic behavior: Since a
fracton has no dispersion, the fracton peak, the lowest pole, in the
one-body spectral function Aðk; ωÞ ¼  π1 G1h ðk; ωÞ will exhibit no
dependence on k; a sharper diagnostic is to probe the distance
between the fractons constituting a dipole: The perfect locking of
the two particles within a dipole will manifest in the real-space
magnon-integrated
density–density correlation function: CðdÞ ¼
P
^i n
^iþd i: Here, N is the number of lattice sites. Since,
Trmagnons h N1 i n
for any given two-particle state, the particles are separated by a
constant distance D (the dipole moment), this correlation function
will be nonzero only for d = D, i.e. C(d) ~ δ(d − D), as shown in Fig.
2b). In contrast, a two-particle state in a system without dipole
conservation would feature a more generic distribution of this
correlation function, without such a sharp peak. Note that for
npj Quantum Materials (2020) 81

contexts in which fracton behavior is approximate, the
density–density correlation function will feature a rounded, yet
still prominent, peak in C(d) near d = 1. We wish to note that
experiments studying magnetic polarons already show indications
of the fracton phenomenon, including their restricted mobility
and the string-mediated binding of dipoles44,77–80.
Identifying fractons in antiferromagnets paves the way to
observing their peculiar properties in transport. It was recently
realized that idealized fracton models exhibit anomalous nonthermalizing behavior despite the absence of quenched disorder15. For certain initial conditions, the system fails to thermalize
even at asymptotically long times, analogous to the behavior of
quantum many-body scars16,81. Our analysis suggests that this
behavior might emerge in hole-doped antiferromagnets for initial
states respecting fractonic conservation. This possibility is
supported by numerics of fractonic models17,82. A versatile
experimental platform like the one we propose might allow to
probe exotic behavior such as the unusual late-time oscillations in
certain operator quantities, speculated to occur in fracton systems
as a consequence of their connection to quantum many-body
scars16. Fractons in AFMs would also allow the exploration of
unusual many-fracton phases of matter, with properties qualitatively different from usual electronic phases24, such as fracton
microemulsions composed of small-scale clusters emulsed in a
phase dominated by long-range repulsion.
Further remarks
We have identiﬁed a concrete physical realization of fractons in
hole-doped Ising AFMs. While we have focused throughout on the
example of the square lattice, our results apply to all bipartite
lattices. The concept of distortion-controlled motion of particles
discussed here arises in various contexts and may lead to fracton
behavior in matter-gauge ﬁeld19 and electron–phonon83,84
coupled systems.
Coulomb repulsion modeled as an effective V plays an important
role in materials. We expect fracton behavior to survive: V simply
shifts the nearest-neighbor pair’s energy EBP to EBP + V, which—in
a completely isolated system—will be inﬁnitely stable, since there
exists no mechansim to couple this state to two free holes. At
higher temperatures above the hopping scale, i.e. in the classical
regime, this model exhibits a spatially heterogeneous glass phase
with regions of high and low mobility, and with characteristics
reminiscent of structural glasses85. Thus, this model in presence of
V gives rise to constrained dynamics in the quantum limit possibly
leading to non-thermal states, and slow glassy dynamics in the
classical limit, opening a door to investigating classical-quantum
crossover in non-ergodic phenomena.
Looking ahead, one-dimensional pair-hopping models related
to Eq. (4) host topological edge modes with an unusual gapless
bulk86. Understanding the topological character of our constrained fractonic pair-hopping model may serve to expose
connections between topological and fractonic behavior. Such a
task might allow understanding of Haldane edge modes in holedoped AFMs87 in light of fracton symmetries. Extensions to doped
2D frustrated AFMs may realize more exotic types of fractons with
mobility constraints extended to a line or a plane. Our work sets
the stage to explore these questions.
METHODS
Self-consistent approach to the propagators
The equation of motion for the one-hole propagator G1h ðk; ωÞ ¼
y
^
propagator (in the σ zTotal ¼ 0
hΨGS jhk GðωÞh
k jΨGS i and for the two-hole
y
y
^
sector) G2h ðK; ωÞ ¼ hΨGS jhkσ hkσ GðωÞh
k σ hk σ jΨGS i (here K = kσ + k−σ) in
the mixed-dimensional AFM are exactly solvable in the self-consistent non^
crossing scheme. Here, GðωÞ
¼ ½ω  H1 , jΨGS i represents the Ising AFM,
and H is in the mixed-dimensional limit. Since one hole of spin σ always
ﬁrst emits a string of magnons before it absorbs them on return its original
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site or before they are absorbed by the second hole of spin −σ, all crossed
boson lines vanish, making the non-crossing scheme exact. A discrete pole
in G1h(k, ω) and similarly in G2h(K, ω) signals the formation of a bound state:
A magnetic polaron of dispersion Ep(k) in the one-hole case, and a
magnetic bipolaron with a dispersion EBP(K) in the two-hole case. See the
Supplementary Note 1 for more details.

DATA AVAILABILITY
The authors can conﬁrm that all relevant data are included in the paper.

Received: 16 May 2020; Accepted: 4 October 2020;

REFERENCES
1. Hansson, T. H., Hermanns, M., Simon, S. H. & Viefers, S. F. Quantum Hall physics:
hierarchies and conformal ﬁeld theory techniques. Rev. Mod. Phys. 89, 025005
(2017).
2. Savary, L. & Balents, L. Quantum spin liquids. Rep. Prog. Phys. 80, 016502 (2017).
3. Chamon, C. Quantum glassiness in strongly correlated clean systems: an example
of topological overprotection. Phys. Rev. Lett. 94, 040402 (2005).
4. Haah, J. Local stabilizer codes in three dimensions without string logical operators. Phys. Rev. A 83, 042330 (2011).
5. Vijay, S., Haah, J. & Fu, L. A new kind of topological quantum order: a dimensional
hierarchy of quasiparticles built from stationary excitations. Phys. Rev. B 92,
235136 (2015).
6. Vijay, S., Haah, J. & Fu, L. Fracton topological order, generalized lattice gauge
theory and duality. Phys. Rev. B 94, 235157 (2016).
7. Pretko, M. Subdimensional particle structure of higher rank U(1) spin liquids. Phys.
Rev. B 95, 115139 (2017).
8. Bravyi, S. & Haah, J. Quantum self-correction in the 3d cubic code model. Phys.
Rev. Lett. 111, 200501 (2013).
9. Terhal, B. Quantum error correction for quantum memories. Rev. Mod. Phys. 87,
307–346 (2015).
10. Ma, H., Hermele, M. & Chen, X. Fracton topological order from Higgs and partial
conﬁnement mechanisms of rank-two gauge theory. Phys. Rev. B 98, 035111 (2018).
11. Bulmash, D. & Barkeshli, M. The Higgs mechanism in higher-rank symmetric U(1)
gauge theories. Phys. Rev. B 97, 235112 (2018).
12. Pretko, M. Emergent gravity of fractons: Mach’s principle revisited. Phys. Rev. D
96, 024051 (2017).
13. Yan, H. Hyperbolic fracton model, subsystem symmetry, and holography. Phys.
Rev. B 99, 155126 (2019).
14. Prem, A., Haah, J. & Nandkishore, R. Glassy quantum dynamics in translation
invariant fracton models. Phys. Rev. B 95, 155133 (2017).
15. Pai, S., Pretko, M. & Nandkishore, R. M. Localization in fractonic random circuits.
Phys. Rev. X 9, 021003 (2019).
16. Pai, S. & Pretko, M. Dynamical scar states in driven fracton systems. Phys. Rev. Lett.
123, 136401 (2019).
17. Sala, P. et al. Ergodicity-breaking arising from Hilbert space fragmentation in
dipole-conserving Hamiltonians. Phys. Rev. X 10, 011047 (2020).
18. Khemani, V., Hermele, M. & Nandkishore, R. M. Localization from Hilbert space
shattering: from theory to physical realizations. Phys. Rev. B 101, 174204 (2020).
19. Pai, S. & Pretko, M. Fractons from conﬁnement in one dimension. Phys. Rev. Res. 2,
013094 (2020).
20. Nandkishore, R. M. & Hermele, M. Fractons. Annu. Rev. Condens. Matter Phys. 10,
295–313 (2019).
21. Ma, H., Lake, E., Chen, X. & Hermele, M. Fracton topological order via coupled
layers. Phys. Rev. B 95, 245126 (2017).
22. Slagle, K. & Kim, Y. B. Quantum ﬁeld theory of X-cube fracton topological order
and robust degeneracy from geometry. Phys. Rev. B 96, 195139 (2017).
23. Shirley, W., Slagle, K., Wang, Z. & Chen, X. Fracton models on general threedimensional manifolds. Phys. Rev. X 8, 031051 (2018).
24. Prem, A., Pretko, M. & Nandkishore, R. Emergent phases of fractonic matter. Phys.
Rev. B 97, 085116 (2018).
25. Schmitz, A. T., Ma, H., Nandkishore, R. M. & Parameswaran, S. A. Recoverable
information and emergent conservation laws in fracton stabilizer codes. Phys.
Rev. B 97, 134426 (2018).
26. Ma, H. & Pretko, M. Higher-rank deconﬁned quantum criticality at the Lifshitz
transition and the exciton Bose condensate. Phys. Rev. B 98, 125105 (2018).
27. Devakul, T., You, Y., Burnell, F. J. & Sondhi, S. L. Fractal symmetric phases of
matter. SciPost Phys. 6, 007 (2019).

Published in partnership with Nanjing University

28. Kumar, A. & Potter, A. C. Symmetry-enforced fractonicity and two-dimensional
quantum crystal melting. Phys. Rev. B 100, 045119 (2019).
29. Pretko, M. & Radzihovsky, L. Symmetry-enriched fracton phases from supersolid
duality. Phys. Rev. Lett. 121, 235301 (2018).
30. Williamson, D. J., Bi, Z. & Cheng, M. Fractonic matter in symmetry-enriched U(1)
gauge theory. Phys. Rev. B 100, 125150 (2019).
31. Pretko, M. & Radzihovsky, L. Fracton-elasticity duality. Phys. Rev. Lett. 120, 195301
(2018).
32. Gromov, A. Chiral topological elasticity and fracton order. Phys. Rev. Lett. 122,
076403 (2019).
33. Pai, S. & Pretko, M. Fractonic line excitations: an inroad from 3d elasticity theory.
Phys. Rev. B 97, 235102 (2018).
34. Slagle, K. & Kim, Y. B. Fracton topological order from nearest-neighbor two-spin
interactions and dualities. Phys. Rev. B 96, 165106 (2017).
35. Yan, H., Benton, O., Jaubert, L. D. C. & Shannon, N. Rank-2 U(1) spin liquid on the
breathing pyrochlore lattice. Phys. Rev. Lett. 124, 127203 (2020).
36. van Nieuwenburg, E., Baum, Y. & Refael, G. From Bloch oscillations to many-body
localization in clean interacting systems. Proc. Natl Acad. Sci. USA 116, 9269–9274
(2019).
37. Guardado-Sanchez, E. et al. Subdiffusion and heat transport in a tilted 2d FermiHubbard system. Phys. Rev. X 10, 011042 (2020).
38. Trugman, S. A. Interaction of holes in a Hubbard antiferromagnet and hightemperature superconductivity. Phys. Rev. B 37, 1597–1603 (1988).
39. Shraiman, B. I. & Siggia, E. D. Mobile vacancies in a quantum Heisenberg antiferromagnet. Phys. Rev. Lett. 61, 467–470 (1988).
40. Kane, C. L., Lee, P. A. & Read, N. Motion of a single hole in a quantum antiferromagnet. Phys. Rev. B 39, 6880–6897 (1989).
41. Sachdev, S. Hole motion in a quantum Néel state. Phys. Rev. B 39, 12232–12247
(1989).
42. Chernyshev, A. L. & Leung, P. W. Holes in the t−Jz model: a diagrammatic study.
Phys. Rev. B 60, 1592–1606 (1999).
43. Grusdt, F., Zhu, Z., Shi, T. & Demler, E. Meson formation in mixed-dimensional t−J
models. SciPost Phys. 5, 057 (2018).
44. Dahm, T. et al. Strength of the spin-ﬂuctuation-mediated pairing interaction in a
high-temperature superconductor. Nat. Phys. 5, 217–221 (2009).
45. Gull, E. & Millis, A. J. Pairing glue in the two-dimensional Hubbard model. Phys.
Rev. B 90, 041110(R) (2014).
46. Emery, V. J., Kivelson, S. A. & Lin, H. Q. Phase separation in the t-j model. Phys. Rev.
Lett. 64, 475–478 (1990).
47. Kivelson, S. A., Emery, V. J. & Lin, H. Q. Doped antiferromagnets in the weakhopping limit. Phys. Rev. B 42, 6523–6530 (1990).
48. Marder, M., Papanicolaou, N. & Psaltakis, G. C. Phase separation in a t-J model.
Phys. Rev. B 41, 6920–6932 (1990).
49. Batista, C. D. & Ortiz, G. Quantum phase diagram of the t-Jz chain model. Phys.
Rev. Lett. 85, 4755–4758 (2000).
50. Berciu, M. & Fehske, H. Aharonov-Bohm interference for a hole in a twodimensional Ising antiferromagnet in a transverse magnetic ﬁeld. Phys. Rev. B 84,
165104 (2011).
51. Wolf, W. P. The Ising model and real magnetic materials. Brazilian J. Phys. 30,
794–810 (2000).
52. Rado, G. T. Magnetoelectric studies of critical behavior in the Ising-like antiferromagnet DyPO4. Solid State Commun. 8, 1349–1352 (1970).
53. Wright, J. C. et al. DyPO4: a three-dimensional Ising antiferromagnet. Phys. Rev. B
3, 843–858 (1971).
54. Landau, D. P., Keen, B. E., Schneider, B. & Wolf, W. P. Magnetic and thermal
properties of dysprosium aluminum garnet. I. Experimental results for the twosublattice phases. Phys. Rev. B 3, 2310–2343 (1971).
55. Breed, D. J., Gilijamse, K. & Miedema, A. R. Magnetic properties of K2 CoF4 and Rb2
CoF4; two-dimensional Ising antiferromagnets. Physica 45, 205–216 (1969).
56. de Jongh, L. J. & Miedema, A. R. Experiments on simple magnetic model systems.
Adv. Phys. 23, 1–260 (1974).
57. Hutchings, M. T., Ikeda, H. & Janke, E. Dynamic critical neutron scattering from a
two-dimensional Ising system Rb2CoF4. Phys. Rev. Lett. 49, 386–390 (1982).
58. Nordblad, P. et al. Critical behavior of two-dimensional Rb2CoF4 as observed by
linear birefringence. Phys. Rev. B 28, 278–280 (1983).
59. Miyagawa, K., Kawamoto, A., Nakazawa, Y. & Kanoda, K. Antiferromagnetic
ordering and spin structure in the organic conductor, κ-(BEDT-TTF)2Cu[N(CN)2]Cl.
Phys. Rev. Lett. 75, 1174–1177 (1995).
60. Lefebvre, S. et al. Mott transition, antiferromagnetism, and unconventional
superconductivity in layered organic superconductors. Phys. Rev. Lett. 85,
5420–5423 (2000).
61. Pajerowski, D. M. et al. Quantiﬁcation of local Ising magnetism in rare-earth
pyrogermanates Er2Ge2O7 and Yb2Ge2O7. Phys. Rev. B 101, 014420 (2020).
62. Labuhn, H. et al. Tunable two-dimensional arrays of single Rydberg atoms for
realizing quantum Ising models. Nature 534, 667 (2016).

npj Quantum Materials (2020) 81

J. Sous and M. Pretko

6
63. Zeiher, J. et al. Many-body interferometry of a Rydberg-dressed spin lattice. Nat.
Phys. 12, 1095 (2016).
64. Zeiher, J. et al. Coherent many-body spin dynamics in a long-range interacting
Ising chain. Phys. Rev. X 7, 041063 (2017).
65. Porras, D. & Cirac, J. I. Effective quantum spin systems with trapped ions. Phys.
Rev. Lett. 92, 207901 (2004).
66. Britton, J. W. et al. Engineered two-dimensional Ising interactions in a trapped-ion
quantum simulator with hundreds of spins. Nature 484, 489–492 (2012).
67. Barnett, R., Petrov, D., Lukin, M. & Demler, E. Quantum magnetism with multicomponent dipolar molecules in an optical lattice. Phys. Rev. Lett. 96, 190401
(2006).
68. Gorshkov, A. V. et al. Tunable superﬂuidity and quantum magnetism with ultracold polar molecules. Phys. Rev. Lett. 107, 115301 (2011).
69. Boll, M. et al. Spin- and density-resolved microscopy of antiferromagnetic correlations in Fermi-Hubbard chains. Science 353, 1257–1260 (2016).
70. Cheuk, L. W. et al. Observation of spatial charge and spin correlations in the 2D
Fermi-Hubbard model. Science 353, 1260–1264 (2016).
71. Mazurenko, A. et al. A cold-atom Fermi-Hubbard antiferromagnet. Nature 545,
462–466 (2017).
72. Eckstein, M. & Werner, P. Photoinduced states in a Mott insulator. Phys. Rev. Lett.
110, 126401 (2013).
73. Sensarma, R. et al. Lifetime of double occupancies in the Fermi-Hubbard model.
Phys. Rev. B 82, 224302 (2010).
74. Eckstein, M. & Werner, P. Thermalization of a pump-excited Mott insulator. Phys.
Rev. B 84, 035122 (2011).
75. Golež, D., Bonča, J., Mierzejewski, M. & Vidmar, L. Mechanism of ultrafast
relaxation of a photo-carrier in antiferromagnetic spin background. Phys. Rev. B
89, 165118 (2014).
76. Eckstein, M. & Werner, P. Ultrafast separation of photodoped carriers in Mott
antiferromagnets. Phys. Rev. Lett. 113, 076405 (2014).
77. Dal Conte, S. et al. Snapshots of the retarded interaction of charge carriers with
ultrafast ﬂuctuations in cuprates. Nat. Phys. 11, 421–426 (2015).
78. Hilker, T. A. et al. Revealing hidden antiferromagnetic correlations in doped
Hubbard chains via string correlators. Science 357, 484–487 (2017).
79. Chiu, C. S. et al. String patterns in the doped Hubbard model. Science 365,
251–256 (2019).
80. Koepsell, J. et al. Imaging magnetic polarons in the doped Fermi-Hubbard model.
Nature 572, 358–362 (2019).
81. Turner, C. J. et al. Quantum many-body scars. Nat. Phys. 14, 745–749 (2018).
82. Moudgalya, S. et al. Thermalization and its absence within Krylov subspaces
of a constrained Hamiltonian. Preprint at https://arxiv.org/abs/1910.14048
(2019).
83. Sous, J., Chakraborty, M., Krems, R. V. & Berciu, M. Light bipolarons stabilized by
Peierls electron-phonon coupling. Phys. Rev. Lett. 121, 247001 (2018).
84. Sous, J. et al. Phonon-mediated repulsion, sharp transitions and
(quasi)self-trapping in the extended Peierls-Hubbard model. Sci. Rep. 7, 1169
(2017).
85. Kennett, M. P., Chamon, C. & Cugliandolo, L. F. Heterogeneous slow dynamics in
a two dimensional doped classical antiferromagnet. Phys. Rev. B 72, 024417
(2005).
86. Ruhman, J. & Altman, E. Topological degeneracy and pairing in a onedimensional gas of spinless fermions. Phys. Rev. B 96, 085133 (2017).

npj Quantum Materials (2020) 81

87. Batista, C. D. & Ortiz, G. Generalized Jordan-Wigner transformations. Phys. Rev.
Lett. 86, 1082–1085 (2001).

ACKNOWLEDGEMENTS
We acknowledge insightful discussions with Mona Berciu. This material is based upon
work supported by the National Science Foundation (NSF) Materials Research Science
and Engineering Centers (MRSEC) program through Columbia University in the
Center for Precision Assembly of Superstratic and Superatomic Solids under Grant No.
DMR-1420634 (to J.S.) and the Air Force Ofﬁce of Scientiﬁc Research under award
number FA9550-17-1-0183 (to M.P.).

AUTHOR CONTRIBUTIONS
Both authors contributed to the development of the ideas in this work and to the
writing of the paper.

COMPETING INTERESTS
The authors declare no competing interests.

ADDITIONAL INFORMATION
Supplementary information is available for this paper at https://doi.org/10.1038/
s41535-020-00278-2.
Correspondence and requests for materials should be addressed to J.S.
Reprints and permission information is available at http://www.nature.com/
reprints
Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional afﬁliations.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made. The images or other third party
material in this article are included in the article’s Creative Commons license, unless
indicated otherwise in a credit line to the material. If material is not included in the
article’s Creative Commons license and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this license, visit http://creativecommons.
org/licenses/by/4.0/.

© The Author(s) 2020

Published in partnership with Nanjing University

Supplementary Information

Supplementary Note 1

We compute the one- and two-hole propagators approximately for the case of two-dimensional antiferromagnets and
exactly for the mixed-dimensional case. Here we provide a brief overview of the approach in the mixed-dimensional
case.
One-hole propagator: The equation of motion for the one-hole propagator G1h (k, ω) = ⟨ΨGS ∣ hk Ĝ(ω)h†k ∣ΨGS ⟩ is exactly
solvable in the self-consistent non-crossing scheme since crossing diagrams identically vanish as the hole must always
retrace its path back to the origin. Here, Ĝ(ω) = [ω − H]−1 , ∣ΨGS ⟩ represents the Ising AFM, and H is in the
mixed-dimensional limit. One then finds
−1

G1h (k, ω) = { [G01h (k, ω)]

−1

− Σ(k, ω)} ,

(1)

where G01h (k, ω) = ω −1 is the static hole propagator governed by H0 ≡ Ht=0 and the self-energy
Σ(k, ω) = 2t2 F1h,1b (k, ω − 3J/2),
−1

with F1h,1b (k, ω − 3J/2) = { [G01h (k, ω)]

− ΣF (k, ω)}

−1

(2)

is a generalized hole–one-boson propagator that is solved self-consistently:
ΣF (k, ω) = t2 F1h,1b (k, ω − J).

(3)

Note the different t2 factors and shifts in ω in the definitions of the self-energies. These reflect the following. The
first magnon created by the hole has an energy 3J/2, corresponding to the breaking of three antiferromagnetic bonds,
and can be generated in two different directions along x. However, subsequent magnons each cost an energy J,
corresponding to breaking two bonds, and can only be generated unidirectionally. As such, all processes involving
more than a single magnon are summed up to obtain F1h,1b , from which one finds G1h (k, ω). This approach gives for
the lowest pole G1h (k, ω) ∼ [ω − Ep (k)]−1 , where Ep (k) is the energy dispersion of a magnetic polaron formed of the
hole dressed by magnons.
z
Two-hole propagator: The two-hole propagator in the σTotal
= 0 sector G2h (K, ω) = ⟨ΨGS ∣ hkσ hk−σ Ĝ(ω)h†k−σ h†kσ ∣ΨGS ⟩
is also found exactly via a non-crossing self-consistent approach. Here, K = kσ + k−σ is the total momentum of the
pair. To see the exactness of the non-crossing scheme for two-hole states, note that one hole of spin σ always first
emits a string of magnons before they are absorbed by the second hole of spin −σ; this represents the only possible
magnon-mediated interaction between the holes, and thus all crossed boson lines connecting the two fermion lines
vanish. One then sums all diagrams self-consistently (all crossed boson lines vanish) to find the T -matrix describing
the interaction between two holes. A discrete pole in G2h (K, ω) signals the formation of a bound state of two holes,
with a dispersion EBP (K). Note that such a bound state has an infinite lifetime even if it is not the lowest energy
state, since there are no matrix elements to couple the bound pair to a configuration of two isolated particles.

